It is shown that every continuous homomorphism of Arens-Michael algebras can be obtained as the limit of a morphism of certain projective systems consisting of Fréchet algebras. Based on this, we prove that a complemented subalgebra of an uncountable product of Fréchet algebras is topologically isomorphic to the product of Fréchet algebras.
1. Introduction. Arens-Michael algebras are limits of projective systems of Banach algebras (or, alternatively, closed subalgebras of (uncountable) products of Banach algebras). Quite often, when dealing with a particular ArensMichael algebra, at least one projective system arises naturally (e.g., as a result of certain construction) and, in most cases, it does contain the needed information about its limit. The situation is somewhat different if an Arens-Michael algebra is given arbitrarily and there is no particular projective system associated with it in a canonical way.
Below (Definition 3.2), we introduce the concept of a projective Fréchet system and show (Theorem 3.4) that every continuous homomorphism of ArensMichael algebras can be obtained as the limit homomorphism of certain morphism of cofinal subsystems of the corresponding Fréchet systems. This result applied to the identity homomorphism obviously implies that any ArensMichael algebra has essentially unique Fréchet system associated with it. Consequently, any information about an Arens-Michael algebra is contained in the associated Fréchet system. The remaining problem of restoring this information is, of course, still nontrivial, but sometimes can be successfully handled by using a simple but effective method. This method is based on Proposition 2.5 (applications of Proposition 2.5 in a variety of situations can be found in [1] ). The αth limit projection p α : lim ← X → X α , α ∈ A, of the system X is the restriction (onto lim ← X ) of the αth natural projection π α : {X α : α ∈ A} → X α .
If A is a directed subset of the indexing set A, then the subsystem {X α ,p β α , A } of X is denoted by X |A . We refer the reader to [4, 5] for general properties of projective systems.
Suppose we are given two projective systems X = {X α ,p β α ,A} and Y = {Y γ ,q δ γ ,B} consisting of topological algebras X α , α ∈ A, and Y γ , γ ∈ B. A morphism of the system X into the system Y is a family {ϕ, {f γ : γ ∈ B}}, consisting of a nondecreasing function ϕ : B → A such that the set ϕ(B) is cofinal in A, and of continuous homomorphisms f γ :
whenever γ, δ ∈ B and γ ≤ δ. In other words, we require (in the above situation) the commutativity of the following diagram:
induces a continuous homomorphism, called the limit homomorphism of the morphism
To see this, assign to each thread x = {x α : α ∈ A} of the system X the point y = {y γ : γ ∈ B} of the product {Y γ : γ ∈ B} by letting
It is easily seen that the point y = {y γ : γ ∈ B} is in fact a thread of the system Y . Therefore, assigning to
Straightforward verification shows that this map is a continuous homomorphism.
Morphisms of projective systems which arise most frequently in practice are those defined over the same indexing set. In this case, the map ϕ : A → A of the definition of morphism is taken to be the identity. Below, we mostly deal with such situations and use the following notation: 
Proof. Indeed, we only have to note that X, together with its identity map id X , forms the projective system . So, the collection {f α : α ∈ A} is in fact a morphism → Y . The rest follows from the definitions given above.
Arens-Michael algebras.
We recall some definitions [3] . A polynormed space X is a topological linear space X furnished with a collection { · ν , Λ} of seminorms generating the topology of X. This simply means that the collection
forms a subbase of the topology of X. A polynormed algebra is a polynormed space X which admits a separately continuous multiplication bioperator m : X ×X → X. A multinormed algebra is a polynormed algebra such that xy ν ≤ x ν · y ν for each ν ∈ Λ and any (x, y) ∈ X × X. Finally, an Arens-Michael algebra is a complete (and Hausdorff) multinormed algebra.
The 
Set-theoretical facts.
For the reader's convenience, we present necessary set-theoretic facts. Their complete proofs can be found in [1] .
Let A be a partially ordered directed set (i.e., for every two elements α, β ∈ A there exists an element γ ∈ A such that γ ≥ α and γ ≥ β). We say that a subset 
Proof. The continuity of f and the definition of the topology on lim ← guarantee that there exist an index α ∈ A and an open subset V α ⊆ X α such that
where |·| denotes the norm of the Banach space Y . Since X α is an Arens-Michael algebra, X α can be identified with a closed subalgebra of the product {B t : t ∈ T } of Banach algebras B t , t ∈ T (Theorem 2.2). Let · t denote the norm of the Banach space B t , t ∈ T . For S ⊆ T , let π S : {B t : t ∈ T } → {B t : t ∈ S} denote the natural projection onto the corresponding subproduct. If S ⊆ T is a finite subset of T , then {x t : t ∈ S} S = max{ x t t : t ∈ S} for each {x t : t ∈ S} ∈ {B t : t ∈ S}.
Since V α is open in X α , the definition of the product topology guarantees the existence of a finite subset S ⊆ T and of a number > 0 such that
Combining (3.1) and (3.2), we have
we must have (by (3.4))
and hence
We now show that the map
is well defined. Assuming the contrary, suppose that for some z ∈ π S (p α (X)) there exist two points
This contradiction shows that the map h :
which implies that the map h is linear. Next, consider points z ∈ π S (p α (X)) and
This shows that h is bounded and, consequently, continuous. Next, we show that h :
Since (Y , |·|) is complete, h admits the linear continuous extension
Since the multiplication on {B t : t ∈ T f } is jointly continuous, we conclude that g is also multiplicative. Finally, define the map f α as the composition
(3.14)
Obviously, f α is a continuous homomorphism satisfying the required equality
Next, we introduce the concept of projective Fréchet system. 
X α is a closed subalgebra of the product of at most τ Banach algebras, α ∈ A; (2) the indexing set A is τ-complete; (3) if {α γ : γ ∈ τ} is an increasing chain of elements in A with α = sup{α γ :
γ ∈ τ}, then the diagonal product (see Proposition 2.1)
Fréchet systems are defined as projective ω-systems.
Proposition 3.3. Every Arens-Michael algebra X can be represented as the limit of a projective Fréchet system
X = {X A ,p B A , exp ω T }. Conversely,
the limit of a projective Fréchet system is an Arens-Michael algebra.
Proof. By Theorem 2.2, X can be identified with a closed subalgebra of the product {X t : t ∈ T } of some collection of Banach algebras. If |T | ≤ ω, then X itself is a Fréchet algebra and therefore our statement is trivially true. If |T | > ω, then consider the set exp ω T of all countable subsets of T . Clearly, exp ω T is ω-complete set (see Section 2.3). For each A ∈ exp ω T , let X A = cl π A (X) (closure is taken in {X t : t ∈ A}), where Proof. We perform the spectral search by means of the following relation
We verify the conditions of Proposition 2.5.
Existence condition. By assumption, Y α is a Fréchet algebra. Therefore, Y α can be identified with a closed subspace of a countable product {B n : n ∈ ω} of Banach algebras. Let π n : {B m : m ∈ ω} → B n denote the nth natural projection. For each n ∈ ω, by Lemma 3.1, there exist an index β n ∈ A and a continuous homomorphism f βn : X βn → B n such that π n q α f = f βn p βn . By Corollary 2.4, there exists an index β ∈ A such that β ≥ β n for each n. Without loss of generality, we may assume that β ≥ α. Let f n = f βn p β βn , n ∈ ω. Next, consider the diagonal product ω-closeness condition. Suppose that for some countable chain C ={α n : n ∈ ω} in A with α = sup C and for some β ∈ A with β ≥ α, the maps f β αn : X β → Y αn have already been defined in such a way that f β αn p β = q αn f for each n ∈ ω (in other words, (α n ,β) ∈ L for each n ∈ ω). Next, consider the composition
where i :
αn ,ω} is the topological isomorphism indicated in condition (3) of Definition 3.2. Observe that for each x ∈ X, Therefore, in order to complete the proof, it suffices to show that for each α ∈ B the map f α : X α → Y α is a topological isomorphism. Indeed, take a point (4)), it follows that g α f α |X α = id Xα and f α g α |Y α = id Yα . It is now clear that f α , α ∈ B, is a topological isomorphism (whose inverse is g α ). ,ω ,
,ω , (3.28) where
denote the natural projections. Clearly, the limits lim ← even and lim ← odd of these projective systems are topologically isomorphic (both are topologically isomorphic to the countable infinite power C ω of C), but even and odd do not contain isomorphic cofinal subsystems. (4)). Therefore, p α (and, consequently p β for any β ≥ α) is a topological isomorphism.
Corollary 3.8. Suppose that X is a Fréchet subalgebra of an uncountable product {B t : t ∈ T } of Fréchet (Banach) algebras, then there exists a countable subset T X of the indexing set T such that the restriction π T X |X : X → π T X (X) of the natural projection π T X : {B t : t ∈ T } → {B t : t ∈ T X } is a topological isomorphism.
Arens-Michael * -algebras.
The concept of projective Fréchet system can naturally be adjusted to handle variety of situations. Below it will always be completely clear in what content this concept is being used. We consider Arens-Michael * -algebras, that is, Arens-Michael algebras with a continuous involution. It is known that every such an algebra can be identified with a closed * -subalgebra of the product of Banach * -algebras (see, e.g., [3, Proposition V.3.41]). Therefore, one can obtain an alternative description of such algebras as limits of projective systems consisting of Banach * -algebras and continuous * -homomorphisms (compare with Theorem 2.2). This, as in Proposition 3.3, leads us to the conclusion recorded in the following proposition. Proof. By Theorem 3.4, there exists a cofinal and ω-closed subset B f of A and a morphism
(3.32)
Complemented subalgebras of uncountable products of Fréchet algebras.
In this section, we show (Theorem 4.2) that the complemented subalgebras of (uncountable) products of Fréchet algebras are products of Fréchet algebras. We begin with the following lemma. 
This shows that the formula . We now show that h is an isomorphism of the category of topological algebras as well. Let x 1 ,x 2 ∈ X. We need to show that h( 
This shows that h is a homomorphism and, consequently, a topological isomorphism as required.
For algebras with trivial multiplication, the following theorem is contained in [2] .
Theorem 4.2. A complemented subalgebra of the product of uncountable family of Fréchet algebras is topologically isomorphic to the product of Fréchet algebras. More formally, if X is a complemented subalgebra of the product
{B t : t ∈ T } of Fréchet algebras B t , t ∈ T , then X is topologically isomorphic to the product {F j : j ∈ J}, where F j is a complemented subalgebra of the product {B t : t ∈ T j } with |T j | = ω for each j ∈ J.
Proof. Let X be a complemented subalgebra of the uncountable product B = {B t : t ∈ T } of Fréchet algebras B t , t ∈ T , where T is an indexing set with |T | = τ > ω. There exists a continuous homomorphism r : Let A be a countable subset of T . Our goal is to find a countable r -admissible subset C such that A ⊆ C. Consider the projective system 
